We consider the proof of Earnshaw's theorem and its important corollary that no system of charged particles can be in stable static equilibrium. We also discuss what implications this corollary had for Victorian ideas on the constitution of matter.
Introduction
Many Victorians were of the opinion that Science was virtually complete-all that there remained to d o was some dotting of the i's and crossing of the t's (see e.g. Dampier-Whetham 1929) .
As far as physics is concerned, we may quote from the introduction to the 1911 edition of Electricity and Magnetism by Sir James Jeans: 'Gradually the conviction grew that all physical forces, with the possible exception of Gravitation, would prove to be ultimately of Electromagnetic origin, so that by the end of the nineteenth century most physicists believed that the science of Electromagnetism would advance along the road opened out by Maxwell until the whole physical universe had been explained in terms of electromagnetic theory'. But at the same time there was trouble brewing in the increasing recognition that the particles of a solid body or molecule cohere because of the electric forces between them. It was difficult to see how the particles could be in continuous motion (although this was advocated by Larmor) for Maxwell had shown that an accelerated charge must continually radiate energy, and in any case the idea was inconsistent with the accepted theory of dielectrics. The particles were therefore at rest-except that it follows from a theorem due to Earnshaw that no system of charged particles can be in stable static equilibrium in the absence of external forces. Those 0143-0807/80/020085+04$01.50 0 The Institute of Physics optimistic Victorians were in reality between the devil and the deep blue sea.
The question of the stability of a system of static charges is thus of considerable historical importance, and its discussion warrants a place in the syllabus as an interesting example of the principles of mechanics and electrostatics. In the following we shall first of all show that the statement that no system of charged particles can be in stable static equilibrium can be derived in elementary fashionthe argument does not even require the use of the calculus. An even simpler proof is possible if the use of differential calculus is allowed.
The instability of a static system of particles is customarily proved as an immediate corollary of Earnshaw's theorem as it is often quoted in modern textbooks, viz. that no single charged particle can be in stable static equilibrium under the influence of electric forces alone. We shall see how this form of the theorem can be understood in terms of the properties of Faraday's lines of force and also how a formal proof may be given based on Laplace's equation. Finally for completeness we shall briefly discuss the more general form of the theorem as originally proved by Earnshaw, which is that no charged body (not just a point charge) can be in stable static equilibrium under the influence of electric forces alone.
The stability of a system of charged particles
We begin by calculating the virial of the forces. If particle i of charge Z, is positioned at r, and suffers a force Gi the virial for a system of N particles is defined as G , rl +G2 rz+ . . . + G, r, = EL G, r,. In general the total virial will consist of the virial of the internal forces plus the virial of the external ones. To calculate the virial of the internal forces consider the contribution from just one pair of particles, particles 1 and 2. If G,, is the force exerted by particle j on particle i, the contribution is G,, r, + G,, * r,. By Newton's third law G , , = -G2, and so we obtain
where r = r l -r,, the position vector of particle 1 relative to particle 2. In our case the interactive forces obey the inverse-square law, that is G,z= Z,Z2r/r3 so that the contribution to the virial is
where V,, is just the mutual potential energy of the pair of particles. By taking the particles in all possible pairs, we see that the total contribution to the virial from the internal forces is precisely the sum of the mutual potential energies of all possible pairs, that is. the total internal potential energy V. If the external force on particle i is F, the total virial for the system is W Jones which we have put equal to zero because the total force on each particle must be zero if the system is static.
Assume the system of particles is in stable static equilibrium, with external forces absent. From equation (1) V = 0. Let us disturb the system slightly by applying equal opposite forces to particles 1 and 2 along the line between them, as in figure 1. The external forces on all other particles are kept at zero. Since the system is stable the external forces result in small displacements of the particles. Equation (1) becomes V + F , . ( r , -r , ) = V + F , * r = 0 .
From this equation one sees that if the external forces are directed inwards, that is F, is antiparallel to r, V becomes positive, that is V increases, whereas if the external forces are directed outwards, that is F, is parallel to r, V becomes negative, that is V decreases. However, if the system is stable V must increase for any set of small, but otherwise arbitrary, perturbing forces. Hence our original assumption that the system can be in stable static equilibrium is false.
This conclusion can be generalised to any power law of interaction between the particles. If the force between two particles i and j separated by a distance r is Z,,/rn+' one readily shows that equation (1) is replaced by
and our argument proceeds essentially as before. Thus any modification of the force law to avoid the consequences of Earnshaw's theorem could not be a simple adjustment of the power of r. In fact Rutherford's scattering experiments showed Coulomb's law to hold accurately down to molecular distances and beyond.
An alternative proof of the instability is as follows. Let every distance in the system be reduced by a factor A, so that, for example, r' = r; -r: = r/A. The new potential energy will be a function V'(A) of A. Now if our original system is to be static V must be stationary with respect to small but other- wise arbitary changes in the positions of the particles and in particular it must be stationary with respect to change of scale so that we should have dV'/dA = 0 (A = 1); if the system is furthermore stable against a change of scale we shall have d2V'/dA2 > 0 (A = 1). In actual fact the new mutual potential energy of particles 1 and 2, for example, will be V;,= Z , Z , / ( r / A ) = AV,, and we can see that the new total potential ener y will be V'= AV. Hence dV'/dA = V and d2V'/dAB= 0. We can have a static system only if V = 0 and this static system will not be stable against changes of scale.
3 The stability of a single charged particle Let us now consider just one particle, particle A. If it is to be in stable static equilibrium under the influence of electric forces alone, it must lie at a minimum in the electrostatic potential 4 describing the external field acting upon it. (We suppose A to be a positive charge for definiteness.) Lines of force are perpendicular to equipotential surfaces and point in the direction of decreasing electrostatic potential. With charge A removed, therefore, the situation depicted in figure 2 obtains, with all lines of force pointing inwards. This is impossible-lines of force can only begin at positive charges and end at negative ones. The best we can do in providing A with a static position is a saddle point, a simple example of which is shown in figure 3 . We should emphasise that as it stands this is an illustration, not a proof, of Earnshaw's theorem. It depends on the The shortest derivation of Earnshaw's theorem from first principles would appear to be as follows.
Since, as is easily verified, the potential Zl/r of a single point charge obeys Laplace's equation, the total electrostatic potential 4 of a set of point charges also obeys Laplace's equation: V2+ = 0. We can approximate a continuous distribution of charge, as on a conductor, as closely as we like by means of a set of point charges so that we may conclude quite generally that V 2 4 = 0 in a chargefree region. Now if 4 were to have a minimum at point P then (unless there were a charge at P) we would have a241ax2, az+/ay2 and a2+/az2 all positive, in which case Laplace's equation would not hold at P. This proves Earnshaw's theorem, from which, using the argument outlined above, we may infer the statement that lines of force must begin and end at charges. An alternative procedure from first principles would be to first prove Gauss's theorem. From this theorem it immediately follows that if all lines of force across a surface enclosing a volume point inwards then this volume contains negative charge. Earnshaw's theorem follows from this using the argument relating the behaviour of lines of force and the absence of minima. we can specify the position of P by the position of the centre of gravity of the body and the potential energy of P will obey Laplace's equation when regarded as a function of position of the centre of gravity. This will hold for every element of charge in the body so that the potential energy @ of the body as a whole will also obey Laplace's equation. Suppose now the body is in stable static equilibrium and displace the body parallel to itself by a small amount. Whatever the direction of displacement, @ must increase and hence a2@/ax2, dz@lay2 and d2@/dz2 must all be negative. This is impossible, since @ obeys Laplace's equation, and our original supposition of stable static equilibrium was false. Suppose now the charges on the body are free to move. One can rule out the possibility that on parallel displacement the charges will move so that after all (0 increases by noting that the distribution of charges on conductors is always to minimise the potential energy (for a general proof see Jeans 1925). Consider the final position to be reached in two stages. We first of all move the body with the distribution of charge fixed, so that @ decreases.
We then allow the charge to redistribute itself, which only serves to decrease @ still further. This proves the theorem in its general form.
Concluding remarks
As we have seen, historically the most important aspect of Earnshaw's theorem was in its application to the problem of the stability of matter. This led (see Jeans 1911) to the suggestion that the inversesquare law must fail at molecular distances, an idea which also found favour on other grounds, for if matter consists of point charges, what is to stop charges of opposite sign rushing together and neutralising one another?
The notion that a molecule was a cluster of positive and negative charges was possibly incorrect, of course. An alternative idea, advocated by Larmor, was that a molecule consisted of rings of electrons in rapid orbital motion, but this also held difficulties, as Larmor himself saw. One objection, that accelerating charges radiate energy, might possibly have been overcome in some intricate way (say by charges absorbing the energy radiated by other charges within the same molecular structure). However, there is another theoretical objection.
